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5.2.1Differentiating Special Functions

Differentiating Trig Functions

How do | differentiate sin, cos and tan?

) d
= Thederivativeof y = sl X'is d—';’ =CO0S X
dy __ .
= Thederivativeof ¥y = COS Xiis a =—Ssm Xx

dy 5
The derivative of y =tan Xis d_ =sec“x
X

= Thisresult canbe derived using quotient rule

Forthelinear function 83X + b,where a and bare constants,

d
= thederivativeof y = sin(ax+ b) is d—';’ = acos(ax + b)
. - dy )
= thederivativeof ¥y = cos(ax+ b) is a =- asm(ax + b)
o _dy 2
» thederivativeof y = tan(ax+b)is oy 3see (ax+b)

= Forthe general function f(X),

= thederivative of y = Sin(f(X)) is % = f’(X) cos(f(x))

» thederivative of y = cos(f(x))is % = - f'(x)sin(£f(x))
» thederivativeof y = tan(£(x)) s % = '(x)sec2(f(x))

= Theselast threeresults canbe derived using the chain rule
= For calculus with trigonometric functions angles must be measured in radians
= Ensure you know how to change the angle mode onyour GDC

O Examiner Tip

= Assoonasyousee aquestioninvolving differentiation and trigonometry put your GDC into
radians mode
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@ Worked example /

Your notes
a) Find f(X) for the functions

. f{x)=sinx
i. f(x)=cos(5x+1)

§ (o) = ces 2
flxyz ~5sin(5x+1) U“inear %Urf\'ioh okjc.ir\g)

TT
b) Acurvehasequation Yy = tan (6X2 - Z) .

Tt
Find the gradient of the tangent to the curve at the pointwhere X = ———.

2

Give youranswer as an exact value.
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Differentiating e*x & Inx ,
How do | differentiate exponentials and logarithms? Your notes
dy
= Thederivativeof Y =e€Xis dx =eXwherex €ER
dy 1
» Thederivativeof ¥y =1In Xis —— =— where x>0
dx x

= Forthelinearfunction ax + b, where @ and b are constants,
dy
= thederivativeof Y = elax+b) dx = gelax+b)

a

» thederivativeof y =In(ax+b)is d_i’ = m

dy

= inthe special case b=0, — = — (Aa'scancel)
dx x
= Forthe general function f(X)
d
= thederivativeof y = ef(X) is d—';, =f'(X)ef(X)

dy f'(x)
dx ~ f(x)

= Thelast two sets of results can be derived using the chain rule

» thederivativeof y =In(f(x))is

O Examiner Tip

= Rememberto avoid the common mistakes:

1 k

= the derivative of In kx withrespectto X is —,NOT —
X X

= the derivative of XX withrespect to X is kekX NOT kxekx ~!
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@ Worked example

Acurve has the equation y = e 33X+ 14010 5x,

Find the gradient of the curve at the point where X = 2 giving your answer in the fomy=a+ bec,

where a4, band care integers to be found.

- 6724 2(In 5a)

tdy, 3., :1(-:7)

dx

I i e S—ln@tx-*\o) QFEC\&\
Ssenx*,b, i:aeax*b Cogeb 0 ﬁ x

At =12, ﬁ='33-3b)”+%'= 3e ¥\

1300(' GOC woybeddle

Gradiedt ok x=2 g 1-36° Yo Hod qodiedts bie
ie. a=\, L=-3 ¢=-5 PTE’\DO%M\C \(‘\'“E
exol %nn Tequite ed.

\& \Q Q\T“ \'\E\P(‘}u\ '\73 C&’EC\(
appBinaie orwer

thoup.
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5.2.2 Techniques of Differentiation

Chain Rule

What is the chainrule?

» Thechainrulestatesif Yisafunctionof Uand Uisafunctionof Xthen
y = f(u(x))
dy dy du
= X
dx du dx

= Thisis givenin the formula booklet

= |nfunction notation this could be written

y = flg(x))

= (e ()

How do | know when to use the chainrule?
= Thechainruleisused whenwe are trying to differentiate composite functions
= “function of a function”
= these canbeidentified as the variable (usually X)does not ‘appearalone’

= SIN X -nota composite function, X ‘appears alone’

= sin(3X + 2) is a composite function; X is tripled and has 2 added to it before the sine

functionis applied

How do luse the chainrule?

STEP1

Identify the two functions

Rewrite Y asafunctionof U; Y= f(u)
Write U as afunctionof X; U= g(X)

STEP 2
dy

Differentiate Y withrespectto U toget —5—

du
du

Differentiate U withrespectto X toget —5—

dx

STEP 3
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dy dy dy du ,
Obtain d_ by applying the formula d_ = d_ X d_ and substitute U backinfor g(X)
X X u X Your notes

= |ntrickier problems chain rule may have to be applied more than once
Are there any standard results for using chain rule?
= There are five general results that can be useful
dy

« If y=(f(x))?then e nf ’(X)f(X)H -1

d
« Ify=e (%) then d_i/ =f'(x)e f(x)

1t y=In(e(x) hen L = 1;((;))
e 1t y = sin(#(x)) then % = £ (x)cos(F(x)

o 1 y = cos(F(x)) then % =~ (Wsin(F(x)

O Examiner Tip

= Youshould aim to be able to spot and carry out the chainrule mentally (rather than use
substitution)
= everytimeyouuseit, sayit to yourself in your head
“differentiate the first functionignoring the second, then multiply by the derivative of the
second function”
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@ Worked example /

Your notes
a)  Findthe derivativeof y=(x2—5x+7)7.

5TeP 1 ldenhiy Hhe o Jonchions and recatite

3 = 07 ie. %{u}’(.)?
V=2 -5xal ve. gle)= G+ T
sTEP2 Find dy ond do.
v e

d
%\ 1 D=5
cer3  Ppply chainle, dy . dy, do
ot du &
Chain role itin the %Dl'm\a bodklet

- 78 (2-5)
=3
ond sobshtote o bock for ofex)

l 6
% = T (2 -5)\ o e +7)

o) Find the derivative of ¥y = sin(ezx).
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y*® Sin [e ) . di‘ﬁem{-&'id‘fe Sin O, ignoe e Your notes
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Product Rule ,

Whatis the productrule? Your notes

= The productrule statesif Yy is the product of two functions U(X) and V(X) then

y=uv
dy _ dV+ du
dx  Ydx " Vidx

= Thisis givenin the formula booklet
= |nfunction notation this could be written as

y=1f(x)g(x)
L = (e () + 2 ()

= ‘Dashnotation’ may be used as a shorter way of writing the rule
y=uv
4 4 7
y =uv +vu
= Finalanswers should match the notation used throughout the question

How do | know when to use the product rule?

= The productruleis used whenwe are trying to differentiate the product of two functions
= these can easily be confused with composite functions (see chain rule)

] Sin(COS X) isa composite function, “sin of cos of X”
= SINn XCOS Xisa product, “sinx times cos X”

How doluse the productrule?

= Makeitclearwhat U, V, u' and V' are
= arranging theminasquare canhelp
= opposite diagonals matchup

STEP1
Identify the two functions, U and V

Differentiate both U and V withrespectto X tofind u' and V'

STEP 2

Ob dy b | h d le f | dy dv + du
tain —)— a ingthe productruleformula -4 =u—— +v—/—
dx Yeppyingthep dx dx dx

Simplify the answer if straightforward to do so orif the question requires a particular form

= |ntrickier problems chain rule may have to be used when finding u' and v/
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O Examiner Tip /

; i Your notes
= Usell, V, U and V forthe elements of productrule

= Jaythemoutina'square' (imagine a2x2 grid)

= those that are paired togetherare then on opposite diagonals (LI and V' , Vand u')
= Fortrickier functions chain rule may be required inside product rule

= j.e. chainrule may be neededto differentiate I and V
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@ Worked example
a) Findthe derivative of y =eXsin x.
2
y e Sin
STEP ) \deo'\”’.(fﬂ Si‘ued\"mg ond dﬁ?ﬂ'@n\"&

U=ex'><\|‘=9\'n X

o=t v'=Coex
& oTanging vV, U,V in 0 Souore
mokes preducy e 'dins:m\ p'\rs'

A S av '
CTEP 2 Pﬁjpm* e _(_Ej_t: u_d_x.pv%i

(Re b is gven in the Tormla boddet)

- x .
5=ews-ac+e,9mx,

dy EILCOQ ap il x) \tic s\’ra;ah’ﬁomma‘\b
doc Yeke 0 Yodter & €° ot

b) Find the derivative of y = 5x2 cos 3x2.

y Soccos I
StErP Vs 5x1><v= Ct:e»3:¢:=L chain rUle
0= 0x V'= -6in 30 6

v'z-6xsin 3>

OTEP 2 y' t- 30139in 3 + 102 ces 3>

: % = |Ox kCoQ Do 3I:Sin 3:»1)
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Quotient Rule

Whatis the quotient rule?

u(x)

= The quotientrule statesif yisthe quotient —7~ then
v(x)

= Thisis givenin the formula booklet
= |nfunctionnotation this could be written

(x)

ey
dy _ g0 () -1(x)e'(x)
dx [¢(x)]2
= Aswith productrule, ‘dash notation’ may be used
u
YTy
R
y = 2

= Finalanswers should match the notation used throughout the question

How do | know when to use the quotient rule?

= The quotientrule is used when trying to differentiate a fraction where both the numerator and

denominator are functions of X
= if the numeratoris a constant, negative powers can be used
= if the denominatoris a constant, treat it as a factor of the expression

How doluse the quotient rule?

= Makeitclearwhat U, V, u' and V' are
= arranging theminasquare can help
= opposite diagonals match up (like they do for product rule)

STEP1
Identify the two functions, U and V
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Differentiate both U and V withrespectto X tofind Ll’ and V' /
STEP 2 Your notes
du dv
vV —u—,
dy dy dx dx
Obtain 57— byapplyingthe quotientruleformula —— = ———————
dx dx v2

Be carefulusing the formula - because of the minus sign in the numerator, the order of the
functionsisimportant
Simplify the answer if straightforward or if the questionrequires a particular form

= |ntrickier problems chain rule may have to be used when finding u' and V',

O Examiner Tip

= Usel, V, u' and v for the elements of quotient rule
= Jaythemoutina'square' (imagine a2x2 grid)

= those that are paired togetherare then on opposite diagonals (V and u', u and V')

= Lookoutforfunctions of the form y = f(X)(g(X))‘l
= These canbe differentiated using a combination of chain rule and product rule
(itwould be good practice to try!)
= .. butitcanalsobe seenasaquotient rule questionin disguise
= _..andviceversa!

= Aquotient could be seen as a product by rewriting the denominator as (g(X)) -1
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@ Worked example /

Your notes
CcoS 2Xx

3x+2

Differentiate f(X) = withrespectto X.

CTEP) \den‘\".c\\—a vond v, d\ﬁe\-eﬁ*‘&'e
V= Co8 2x v= 3t
'z = 2A0in 2 v'=
v , N

oke dioepnds
chain role O:\Z:a\n 0o

cera A o e T dy | viz-oE
PRy qotient sle " &y, =
(Reitie guen nthe Sl:mm\n ‘:m\l\e\:)

s(‘kx) = (Bxea2)2sin 2e) - (cs 2x)(2)
(3xc+2 )'l

a‘_‘ \m) - -9.\31*2)9% ¢ - 38 2
(3=+2)"

\No\*\acﬁ dovicus|enty Yo Sinpiffy and opestion
dceS n¥ Qpec'\?n o pnrhm\nr %o\'m)
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5.2.3 Higher Order Derivatives

Second Order Derivatives
What is the second order derivative of a function?

= |fyou differentiate the derivative of a function (i.e. differentiate the function a second time) you get
the second order derivative of the function
= There are two forms of notation for the second order derivative

- y=f(x)
dy

» —=f (X) (First order derivative)
dx
d?y

= f”(X) (Second order derivative)

dx2
= Note the position of the superscript2’s

= differentiating twice (so d2) withrespectto X twice (so X2)
= The second order derivative can be referred to simply as the second derivative
= Similarly, the first order derivative can be just the first derivative
Afirst order derivative is the rate of change of a function
= asecond order derivative is the rate of change of the rate of change of a function
= j.e.therate of change of the function’s gradient
Second order derivatives can be used to
= test forlocal minimum and maximum points
= help determine the nature of stationary points
= help determine the concavity of a function
= graphderivatives

How do | find a second order derivative of a function?

= By differentiating twice!
= Thismayinvolve
= rewriting fractions, roots, etc as negative and/or fractional powers
= differentiating trigonometric functions, exponentials and logarithms
= usingchainrule
= using product or quotientrule

O Examiner Tip

= Negative and/or fractional powers can cause problems when finding second derivatives so work
carefully through each term
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@ Worked example

3
Giventhat f(X) =4 - \/; +

Jx

3  Findf'(x)and "' (x).
/—E REWRITE AS POWERS OF x
Q) f(x) = —x +3x
'l 31 1
fiix) = =(z)x +3f——)x
DIFFERENTIATE ONCE
e AsE 3.3 TO FIND f(x)
B 2
. 3
W - 1 1 ~—5~1 3 3 _5_
fix)=—-z3x" —5(=35)x
) = Axd 4 953 DIFFERENTIATE A
S SECOND TIME
TO FIND f'(x)
b) Evaluate f' '(3) .

Give your answer in the form 84/ b, where b isanintegerand d&isarationalnumber.

5
2

— — w2
b) fx) 4x{§"+4x24? X =x1x
1 II g

f(3)= +

1243 3643

363" 343" 3 9
£13) = igﬁ RATIONALISE

DENOMINATOR
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Higher Order Derivatives
What is meant by higher order derivatives of a function?

= Many functions can be differentiated numerous times
= Thethird, fourth, fifth, etc derivatives of a function are generally called higher order derivatives
= |tmay not be possible, orpractical to (algebraically) differentiate complicated functions more than
once or twice
= Polynomials will, eventually, have higher order derivatives of zero
= Since powers of xreduce by Teachtime

What s the notation for higher order derivatives?
= The notation for higher order derivatives follows the logic from the first and second derivatives
dmy

dx?

An)(y) o

except the ‘dash’ (prime) notationis replaced with numbers as this would become cumbersome
afterthe firstfew
= e.g.the fifthderivative would be

A o L
dX5

How do | find a higher order derivative of a function?

= By differentiating as many times as required!
= This mayinvolve
= rewriting fractions, roots, etc as negative and/or fractional powers
= differentiating trigonometric functions, exponentials and logarithms
= using chainrule
= using product orquotient rule

O Examiner Tip

= |fyouarerequired to evaluate a higher order derivative at a specific point your GDC can help
= Typically a GDC will only work out the first and second derivative directly from the original
function
= But, if you wanted the fourth derivative, say, you only need differentiate twice algebraically,
then call this the ‘original’ function onyour GDC
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@ Worked example

ltis giventhat f(x) =sin 2x.

a) Show that f4(X) =161(x).

') ic the FOURTH desivative
%Lcc) = Cin 2x
¥ Lac) = dces dx L\Sin - o8, choin o\e)
‘F" bc\ = =Wsin 20 L‘ ¢t = =%in, chain t‘o\e)
Pk:x)= ~8oos 2x Yoo Shedd netice o patern bynow ...
?“‘ k:x:) = |68Sin Q¢
o £ )= 16sin 2 = 16 ) o6 required

b)

Without further working, write down an expression for fs(X) .

We con see rom port @)
* the coefficient o} eoch derivalive 1S o power 6F 2
* Sin 2 (')}LI)) i€ innolved in every even derivalive
» Sin 2x i¢ pesitive o every dher even derivalive

s §7lo) = 25661a 2
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5.2.4 Further Applications of Differentiation

Stationary Points & Turning Points
What is the difference between a stationary point and a turning point?

= Astationary pointis a point at which the gradient functionis equal to zero
= Thetangent to the curve of the functionis horizontal
= Aturning pointis a type of stationary point, butin addition the function changes fromincreasing to
decreasing, orvice versa
= The curve ‘turns’ from ‘going upwards’ to ‘going downwards’ or vice versa
= Turning points will either be (local) minimum or maximum points
= Apoint of inflection could also be a stationary point but is not a turning point

How do | find stationary points and turning points?

= Forthefunction y = f(X) stationary points can be found using the following process

STEP1
dy

Find the gradient function, 7 = Id(X)
dx

STEP 2

Solve the equation ld(X) = () to find the X -coordiante(s) of any stationary points

STEP 3

Ifthe Y-coordinates of the stationary points are also required then substitute the X-coordinate(s)

into f(X)

= AGDCwillsolve ld(X) = () and most will find the coordinates of turning points (minimum and
maximum points) in graphing mode
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Testing for Local Minimum & Maximum Points /
What are local minimum and maximum points? Your notes

= |Local minimum and maximum points are two types of stationary point
= The gradient function (derivative) at such points equals zero

= je. ld(X)=O

= Alocal minimum point, (X, f(X)) will be the lowest value of f(X) in the local vicinity of the value of
X
= The function may reach alower value further afield

= Similarly, alocal maximum point, (X, f(X)) will be the highest value of f(X) in the local vicinity of

the value of X
= Thefunctionmayreach a greater value further afield

= The graphs of many functions tend to infinity forlarge values of X

(and/or minus infinity for large negative values of X)
= The nature of a stationary point refers to whetheritis a local minimum point, alocal maximum point or
apoint of inflection

= Aglobal minimum point would represent the lowest value of f(X) forall values of X
= similar for a global maximum point

How do | find local minimum & maximum points?

= The nature of a stationary point can be determined using the first derivative but itis usually quicker
and easier to use the second derivative
= onlyincaseswhenthe second derivative is zero is the first derivative method needed

= Forthefunction f(X)
STEP1

Find ld(X) and solve f(X) = () to find the X-coordinates of any stationary points

STEP 2 (Second derivative)
Find f"(X) and evaluate it at each of the stationary points foundin STEP 1

STEP 3 (Second derivative)

= |f f"(X) = () then the nature of the stationary point cannot be determined:; use the first
derivative method (STEP 4)

= |f f”(X) > () then the curve of the graphof y = f(X) is concave up and the stationary pointis a
local minimum point

= |f f”(X) < 0 thenthe curve of the graph of y= f(X) is concave down and the stationary point
is alocal maximum point
STEP 4 (First derivative)

Find the sign of the first derivative just either side of the stationary point; i.e. evaluate f’(X“ h)

and f(X + h) forsmall h
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= Alocal minimum point changes the function from decreasing to increasing
= the gradient changes from negative to positive
- f(x—h)<0, f(x)=0, f(x+h)>0

= Alocal maximum point changes the function from increasing to decreasing
= the gradient changes from positive to negative

- f(x—-h)>0, f(x)=0, f'(x+h)<0

A y = f(x)
LOCAL
MAXIMUM
"X GRADIENT =0
INCREASING INCREASING
(POSITIVE (POSITIVE
GRADIENT) GRADIENT)
0 >
DECREASING |
(NEGATIVE
GRADIENT)
~/ GRADIENT =0
LOCAL
MINIMUM

= Astationary point of inflection results from the function either increasing or decreasing on
both sides of the stationary point
= the gradient does not change sign

« f(x=h)>0, f(x+h)>0 or '(x—h)<0, f(x+h)<0

= apoint of inflection does not necessarily have ld(X) =0
= this method will only find those that do - and are often called horizontal
points of inflection
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O Examiner Tip
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= Exam questions may use the phrase “classify turning points” instead of “find the nature of turning

points”

= Usingyour GDC to sketch the curveis avalid test for the nature of a stationary pointin an exam
unless the question says "show that..." or asks for an algebraic method
= Evenif required to show a full algebraic solution you can stilluse your GDC to tell you what you're

aiming for and to check your work
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@ Worked example /

Your notes
Find the coordinates and the nature of any stationary points onthe graph of y = f(X) where

(x)=2x3-3x2-36x+25.
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RY d‘u\ionary PO'\G"\\-Q' {(x)=0
§' ()= 6 - 6 -36 = 6(c"-2c-€)
6(od-x-€)=0
Lx-3)(x+1) =0
x=3  y=§(3)= 203)*3(3) - 3e(3) +25 - -5¢
x=-2,  y= §l2)= 2k2)- 3(2)-3¢ka) +25 - €
US'mg the cecond derivative Yo ddterimne their naure
£ ()= 125- 6= €25 1)
$'(3)= €(2x3-1)=30>0
s 2=3 e o loca) minienom po'm‘\'
(2= 6(ax-2-1)=-30<0
% x=2-2 ie a \ocal moxinwm point
(Né\'@ \n ¥his case, btk S\'d\';omfy po'\ci‘m ore‘\‘urhing poin"ls)

Torning peints are:
(3.-5€) local miqimum poiat
-2, €8) locad maximom point

Use o 6DC Yo Srap\-n =¥c) and the
tox Jonis Qo\v’ma %eci‘rore o theck the anowers.
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5.2.5 Concavity & Points of Inflection 4

Your notes
Concavity of a Function
What is concavity?

= Concavity is the way in which a curve (or surface) bends
= Mathematically,
= acurveis CONCAVEDOWN if f”(X) <0 forallvalues of X inaninterval

= acurveis CONCAVEUP if f”(X) > () forallvalues of X inaninterval

TANGENTS

CONCAVE UP

CONCAVE
DOWN

TANGENTS

O Examiner Tip

= [nanexamaneasyway torememberthe differenceis:

= Concave downis the shape of (the mouth of) a sad smiley @

= Concave upis the shape of (the mouth of) a happy smiley @
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@ Worked example
The function f(X) is given by f(X) =x3—-3x+2.

a) Determine whether the curve of the graph of ¥y = f(X) isconcave down or concave up at the

points where X = — 2and x=2.

“x) = 5>~ 3¢ +2
f ('xy 3x*-3
%“lxk Ex

F'l2)= 6x-2=-12 <0 (concave down)
') 6x2:1220  (concave op)

Ak x=-2, y=Flx) is concave down
Rt =2, y:=§(x)ic concave vp

Uge yoor 60C Yo plot the a\hp\w o 3=?-(:c)
and 1o help cee i} Yoo ONSWETS ofe sensible

o) Find the values of X forwhich the curve of the graph Yy = f(X) ofisconcave up.

;“l::)=69(‘. fom pork @)
Concone vp is {"(x) >0
6x >0 when x>0

A f(x) iS Cencave vp -i-br' % >0

Use yoor 60C 1o check yoor answer
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Points of Inflection

What is a point of inflection?

= Apointatwhichthe curve of the graphof ¥y = f(X) changes concavity is a point of inflection
= The alternative spelling, inflexion, may sometimes be used

What are the conditions for a point of inflection?
= Apointofinflection requires BOTH of the following two conditions to hold

= the second derivativeis zero
- f'(x)=0

AND

= thegraphof y= f(X) changes concavity
] f”(X) changes sign through a point of inflection

POINT OF
INFLECTION
CONCAVE £(x) = 0 CONCAVE
DOWN DOWN
£(x) <0 y = () (x) <0
CONCAVE UP CONCAVE UP
£(x) > 0 #(x)> 0

= [tisimportant to understand that the first condition is not sufficient onits own to locate a point of
inflection

. ' . . .
= pointswhere f (X) = () could be local minimum or maximum points
= the first derivative test would be needed

= However, ifitis already known f(X) has apoint of inflectionat X = 4, say, then f"(a) =0

What about the first derivative, like with turning points?
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= Apoint of inflection, unlike a turning point, does not necessarily have to have a first derivative value of
o(f'(x)=0)

= [fitdoes,itisalso astationary point andis often called a horizontal point of inflection
= thetangentto the curve at this point would be horizontal
= The normal distributionis an example of a commonly used function that has a graph with two non-
stationary points of inflection

How do | find the coordinates of a point of inflection?

= Forthefunction f(X)
STEP1

Differentiate f(X) twice to find f”(X) and solve f”(X) = () to find the X-coordinates of

possible points of inflection

STEP 2
Use the second derivative to test the concavity of f(X) eithersideof X = a

= |f fﬂ(X) <0 then f(X) isconcave down
n If fﬂ(X) >0 then f(X) is concave up

If concavity changes, X = & is a point of inflection

STEP 3

Ifrequired, the y-coordinate of a point of inflection can be found by substituting the X -coordinate

into f(X)

O Examiner Tip

= Youcanfind the x-coordinates of the point of inflections of V= f(X) by drawing the graph
Y= f‘(X) and finding the x-coordinates of any local maximum or local minimum points

= Anotherwayistodrawthe graph ¥y = f"(X) and find the x-coordinates of the points where the
graph crosses (not just touches) the x-axis
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@ Worked example

Find the coordinates of the point of inflection on the graph of ¥ = 2x3 — 18x2+24x + 5.
Fully justify that your answeris a point of inflection.

stee 1 Differentiare twice, scve {'lx)=0
£lae) = 2ac®- 182" + uac 46
§'(x)z 62" = 36 + 2%
$" ()= 122c-36
23 -36:0 when %23

STEP 2: Ute the Second derivative Yo teat concavily
i“ l3) =0
§ (29)< 0 (concave down)
£ (31)>0 (concove up)
COncou's\'y c\nom%es -H\t'éua\- x=3

ster3: The y-Coordinale i¢ Fequired
$(3)= 2(2)’-18(3)* + 24(2)+ 5 = -3)

Since §'(3):0 AND the graph of
y‘f(x) chcmges COnco.vi*y -H'sroua\\
x=3, the poink (3,-31) s a

point of inflection.

Uce yoor GOC Yo p\d‘ e Srbp‘n ocf' 3=?(x)
and Yo help cee i} Yool anewer i sensible
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5.2.6 Derivatives & Graphs 4

Your notes

Derivatives & Graphs

How are derivatives and graphs connected?

= |fthe graphofafunction Yy = f(X) is known, or can be sketched, thenitis also possible to sketch the

graphs of the derivatives y = f'(X) and y = f”(X)
= Thekey properties of agraphinclude

the Y-axisintercept
the X-axisintercepts - the roots of the function; where f(X) =0

stationary points; where ld(X) =0
= turning points - (local) minimum and maximum points
= (horizontal) points of inflection

(non-stationary, f’(X) # () points of inflection
asymptotes - vertical and horizontal

intervals where the graphisincreasing and decreasing
intervals where the graphis concave down and concave up

= Notall graphs have all of these properties and not all can be determined without knowing the
expression of the function
= However questions will provide enoughinformation to sketch

the shape of the graph
some of the key properties such as roots or turning points

How do I sketch the graph of y = f'(x) from the graph of y = f(x)?

The graph of =1d(X) willhaveits
y

X -axisintercepts at the X-coordinates of the stationary points of y = f(X)
turning points at the X -coordinates of the points of inflectionof y = f(X)

= Forintervalswhere Yy = f(X) isconcaveup, Y= ld(X) willbeincreasing

= Forintervalswhere Yy = f(X) isconcavedown, YV = ld(X) willbe decreasing

= Forintervalswhere Yy = f(X) isincreasing, Yy = ld(X) willbe positive

= Forintervalswhere Yy = f(X) isdecreasing, Y = ld(X) willbe negative

How do | sketch the graph of y = f''(x) from the graph of y = f(x)?

= Firstsketchthe graphof y = ld(X) from y = f(X) as perthe above process

= Then, using the same process, sketchthe graphof Yy = f”(X) fromthe graphof Yy = f(X)

= There are acouple of things you can deduce about the graphof y = f”(X) directly fromthe graph of

y=f(x)
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= Thegraphof y = Id’(X) willhave its X -axis intercepts at the X -coordinates of the points of

inflectionof y = f(X)

Forintervalswhere y = f(X) isconcaveup, Y = f”(X) willbe positive

Forintervalswhere y = f(X) isconcavedown, YV = f”(X) willbe negative

y N y = f(x)
y = f(x) CONCAVE UP
y = f(x) INCREASING
y = f”(x) POSITIVE
y =f(x) CONCAVE DOWN
y = f(x) DECREASING
y =f"(x) NEGATIVE
y = f(x)  INCREASING
y =f(x) POSITIVE
y = f(x) DECREASING
y =f(x)  NEGATIVE
NOTE:

THE GRAPHS OF y = f(x) AND
y = fx) HAVE POINTS OF
INFLECTION AT CHANGE OF

y = f/(x) CONCAVITY (e)

THESE BECOME TURNING POINTS
ON THE GRAPHS OF y = f/(x)
AND y = f“(x) RESPECTIVELY
BUT WITHOUT FURTHER
INFORMATION THE
x—COORDINATES OF THESE
POINTS CANNOT BE

DEDUCED.

Isit possible to sketch the graph of y = f(x) from the graph of a derivative?

= |tispossible tosketchagraphof y = f(X) by considering the reverse of the above

= Forintervalswhere y = Id(X) is positive, Y = f(X) will be increasing but is not necessarily
positive
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= Forintervalswhere y = Id(X) is negative, Yy = f(X) willbe decreasing but is not necessarily
negative

= Rootsof y= f (X) give the X-coordinates of the stationary points of y = f(X)
There are some properties of the graph of Yy = f(X) that cannot be determined from the graph of
y=1(x)

= the Y-axisintercept

= theintervals forwhich y = f(X) is positive and negative

= therootsof y = f(X)

Unless a specific point the curve passes through is known, the constant of integration cannot be
determined

= the exactlocation of the curve will remain unknown
= butit will stillbe possible to sketchits shape

If starting from the graph of the second derivative, y = f"(X), itis easier to sketch the graph of
y= f'(X) first, then sketch Yy = f(x)
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@ Worked example /

Your notes
The graphof y = f(X) is shown in the diagram below.

¢ y = f(x)

On separate diagrams sketch the graphs of y = Id(X) and y = f”(X) ,labelling any roots and
turning points.
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kﬁl %C[\TIGS %'OM q'np\-\ o? 3‘—%\[1) ae: /

Your notes
® loca) maximom and locol micrenom
o ﬂoc) i¢ inCrecsing ‘at etherend’
e %(x] S decreoting between max. and mia,

L ] Poin'\' O? “\?biﬂ'\ ern-g*'d\fom!'y), af&p\'l
c\mnﬁes ’fw'\ concove down Yo concove up

Grogh & y¥ bo): Yya Sl ocrcsiog
= lﬁf) pesiive
0 x
/' +Ufh\ m‘\Q o?- ?Lx
Jbe) deeresiog % ore \:2*99?5} ) )
) neao.*ive

wlrl\‘ﬁ.l\’“\{\fc Z}ll'k)
ie Yoro NG POis oY on o "1’\5{

Gro’P\-‘ @ 3:?“ t:): Y T +Urﬁin9] pc'm“\' or}\ ?[’r)
ic rooY o? ?l [’x]

- Y=¥lx) is concave vp
= 4=§"(x) s pesitive

fap

3-5?[::) i8 concave down
“ 4= §"(x) is negative
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